Abstract. An automated prepreg fabric draping system is being developed which consists of an array of actuated grippers. It has the ability to pick up a fabric ply and place it onto a double-curved mold surface. A previous research effort based on a nonlinear Finite Element model showed that the movements of the grippers should be chosen carefully to avoid misplacement and induce of wrinkles in the draped configuration. Thus, the present study seeks to develop a computationally efficient model of the mechanical behavior of a fabric based on 2D catenaries which can be used for optimization of the gripper trajectories. The model includes bending stiffness, large deflections, large ply shear and a simple contact formulation. The model is found to be quick to evaluate and gives very reasonable predictions of the displacement field.
In the aerospace industry, composite parts are often made from woven carbon fiber prepregs, i.e. plies of woven carbon fiber tows that are pre-impregnated with a partially cured resin. The draping process, i.e. placement of the fabric plies onto a mold surface prior to curing, is currently done manually which constitutes a significant expense. Therefore, the research project FlexDraper seeks to develop an automatic draping solution.
The FlexDraper tool consists of an array of actuated grippers mounted to an industrial robot. To drape the fabric plies, the movement or trajectories of each of the grippers must be determined apriori. It is essential that the draped ply matches a prescribed boundary and does not include any out-of-plane wrinkles or in-plane waves. The problem was previously studied using an advanced nonlinear, rate-dependent Finite Element (FE) model (Krogh et al, 2017; Krogh and Jakobsen, 2017) . In those previous studies, it was found that the placement of the ply is highly dependent on the path taken by the grippers and that wrinkles can easily form during draping. It was concluded that a concerted effort should be put into determining the optimal gripper trajectories. While the FE model agrees well with experimental results, it is also computationally expen-sive. Hence, it is not suitable for completing optimization analyses of the gripper trajectories. Therefore a faster, approximate model must be developed.
Several research groups are working with automated composite draping as outlined in the review by Björnsson et al (2017) . In the work by Molfino et al (2014) , a robot cell for handling 3D carbon fabric is described, and a handling strategy is outlined which relies on a computer vision system for generating control strategies. Flixeder et al (2016) successfully set up a force based 2D handling system for fabrics where the movements of the manipulators are generated online. They employ a catenary model as basis for the controller for real-time prediction of the ply. In the study by Eckardt et al (2016) , a catenary model was used to calculate the inclination of the rotatable grippers such that no unnecessary bending is introduced in the ply. They tested three different manually created draping strategies on a single curved demonstrator part. The first two strategies resulted in wrinkling or bridging while the third strategy was successful. In the paper by Brinker et al (2017) , Drape paths are discussed. A kinematic draping simulation is performed in steps which enables the gripper points to be tracked and trajectories generated. Other models as basis for automated handling of fabrics were introduced by Newell and Khodabandehloo (1995) (large deflection beam model) and Lin et al (2009) (large deflection shell model).
The present study focuses on developing a model that can estimate the 3D displacement field of a piece of fabric including interaction with the mold. It is to be used for determining the optimal gripper trajectories during draping onto double-curved molds with the FlexDraper system. The paper is organized as follows: Section 1 elaborates the robot system and presents the requirements to the model, Section 2 introduces the catenary fabric model, and Section 3 describes how the model is solved by means of optimization. Finally, Section 4 illustrates the usefulness of the model with a numerical example.
Automated Draping with the FlexDraper System
The FlexDraper robot system is depicted in Fig. 1 . All grippers are mounted in ball joints such that they can become tangent to the mold surface. In this picture, the ply has been picked up by the grid of grippers and is currently suspended over the mold. The next step is the actual draping, where the grippers move towards the mold surface. For the initially flat fabric to conform to a double curved surface, so-called fabric shearing or trellising must take place. The fiber tows will rotate at the cross-over points in the weave such that the initially 90
• angles between the two fiber directions will change.
Requirements to the Ply Model
A woven carbon-fiber prepreg ply is comprised of two different materials, i.e. the carbon fibers and the resin, and spans different length scales. Thousands of approximately 6-µm diameter fibers are bundled in tows, which are woven into a fabric of unit cells with a size of approximately 5 mm
2 . Yet, it often makes sense to consider the ply on a macroscopic level, which corresponds to the dimensions of the part to be manufactured. However, this approach also entails that the physics of the other two length scales must be considered as well. Experimental characterization of the ply has revealed that it exhibits nonlinear and rate-dependent stress-strain behavior in both the fiber directions and in shear. The rate-dependency can be accredited to the viscous behavior of the resin that also governs the frictional properties which come into effect upon contact with the mold. Also, the resin causes the fabric to have a significant bending stiffness.
As previously described, the advanced Finite Element (FE) model is too computationally expensive for conducting optimization of the gripper trajectories. The important task here is thus to identify which properties must be included in the approximate model. Based on the previous work with the prepreg material, the following were chosen as the requirements:
-Large deflections: equlibrium must refer to the deformed configuration. -Bending stiffness: important for wrinkle size and shape prediction.
-Large ply shear: shear strains up to 30
• are common in fabric draping. -Mold contact: a simple formulation with an infinite coefficient of friction.
-Flexibility to change boundary conditions: the grippers can rotate due to the ball joints.
Based on the above requirements, it was chosen to consider a 2D catenary model with bending stiffness as the backbone of the model. As will become evident in the next section, it easily incorporates different boundary conditions and can be split in segments upon mold contact. Also, the shearing behavior can be decoupled from the fiber axial behavior.
A Catenary Ply Model
In the following, the 3D fabric catenary model is introduced. The governing differential equation is presented, the assembly of catenaries and shearing are described and finally the contact formulation is explained.
The Catenary Differential Equation
The differential equation of a catenary with bending stiffness is obtained using the free body diagram given in Fig. 2 from Hsu and Pan (2014) . By considering horizontal and vertical force equilibrium of an infinitesimal catenary element, the following can be obtained:
where H, a constant, is the horizontal component of the catenary force T , V and M are the shear force and bending moment, respectively, EI is the flexural rigidity and mg is the weight per unit length. Unfortunately, no direct closedform solution exists for this nonlinear differential equation. To simplify, a linear curvature definition is used and EI is assumed to be independent of x. Also, small sag is assumed such that the gravitational load is uniformly distributed between the support points. Then, the following is obtained:
The small-sag assumption is usually considered valid when the sag to span ratio is less than 1/8. However, according to Irvine (1981) , FE analyses have shown that the theory keeps its accuracy even with ratios as high as 1/4. The differential equation is solved with two different kinds of boundary conditions for each end depending on the gripper to which is attached. Either a zero moment condition, y (x) = 0, such that the slope is free or a prescribed slope, y (x) = s pre . This use is elaborated in the next section. The solution to the differential equation is the curve of a catenary with a length equal to what can be supported by the input reaction force. Hence, the next step is to apply length integration to find the reaction force H that gives the right curve length. The length of a curve from point a to point b is analytically found as:
However, with the catenary solution, this integral cannot be evaluated. Another approach is to approximate the integral using e.g. Simpson's rule. While the integral can now be evaluated, the resulting expression cannot be solved for H. Therefore, it was chosen to find the reaction force numerically. The length is then evaluated as the sum of the Euclidean distances between all pairs of data points:
Systems of Catenaries
To model a 3D fabric using 2D catenaries, unit cells are created in between the grippers as depicted in Fig. 3 . Edge catenaries are suspended between adjacent grippers and diagonal catenaries are suspended diagonally across the unit cells. The former will account for the fiber direction behavior while the latter will account for shear. The z component of position is the catenary solution whereas the x and y components are linear interpolations between the grippers. In the case where the diagonals in a unit cell do not intersect, a post-processing approach is employed: the lowest diagonal is split in two half segments and re-evaluated with the new center point being coincident with the highest diagonal. The rotations are determined according to the following rules:
-Free-edge catenary ends are assigned a free slope.
-Colinear edge catenaries with a shared gripper are assigned the same slope which is determined during solution. -Diagonals are assigned a slope which is calculated based on the surrounding edge catenaries.
Shearing
As previously described, the fabric must shear to conform to a double-curved surface. When the diagonal between two grippers exceeds the prescribed length of the pertaining diagonal catenary, the unit cell is considered to be shearing. Only one diagonal can shear in each unit cell. When shearing, the unit cells deform like parallelograms. Thus, if one diagonal extends, the other must become shorter as sketched in Fig. 4 . Notice that the diagonal catenaries do not represent actual fiber tows. When a diagonal is shearing, a catenary solution is not desired. Instead, the z component of position is taken as a linear interpolation, i.e. the shearing diagonal will be a straight line across the unit cell. The reaction force is then found using an empirical model as determined from experimental shear-test data. Another thing to note about a shearing diagonal in the model is that it will govern the slopes of all other surrounding catenaries. That is, the edge catenaries sharing a gripper with a shearing diagonal will have the same slope Fig. 4 . The kinematics of a gripper unit cell undergoing shear deformation.
Contact Formulation
For the mold-ply contact, a simple infinite friction formulation is used. Basically, when a segment of the catenary is within a given tolerance of the mold, that segment is considered in contact with the mold. Hereafter, it will remain on the mold and cannot move in any direction. This situation is shown in Fig. 5 .
The non-contacting parts of the catenary are now made into independent catenaries. Their length is calculated based on the length of the contact segment. For simplicity, only one contact segment can exist between two grippers. If multiple contact segments existed, it would likely be an indication of ply bridging. 
Solution Method
With the catenaries arranged in unit cells, the unknown parameters, i.e. horizontal reaction forces and shared slopes must be determined such that the right lengths are obtained. It was decided to formulate a nonlinear constrained optimization problem to be solved using Sequential Quadratic Programming (SQP):
The design variables are the horizontal reaction forces H = {H 1 , H 2 , ..., H nCat } and the shared slopes s = {s 1 , s 2 , ..., s nSharSlope }. The objective is to minimize the reaction forces, mathematically formulated as the 2-norm of the vector. The equality constraints dictate that the length of each catenary must be equal to the set length. Also, lower and upper bounds are imposed on the slopes which correspond to the maximum rotation of the grippers in the ball joints (40 • ). The catenary fabric model is implemented in MATLAB and solved using the built-in fmincon function.
Design Sensitivity Analysis
Gradients of the objective function and the nonlinear length constraints are needed for the SQP solver. Because the objective function is an analytical function of the components of H, an analytical gradient is readily available. The details are not presented here.
For the nonlinear constraints, the issues discussed in Sec. 2.1 regarding length integration also inhibits the calculation of analytical gradients. However, it is still a substantial improvement to consider semi-analytical gradients on the catenary level compared to an Overall Finite Difference (OFD) calculation using the constraint function. This statement is especially true because each catenary length is only a function of the corresponding catenary reaction force and endpoint slopes. Thereby, many sensitivities are equal to zero.
In general, the analytical catenary solution z is a function of x and y, the horizontal reaction force H, the two slopes s 1 and s 2 and the material parameters here denoted Mat for convenience:
At any given design point where the sensitivity is sought, all of these quantities are known. Consider for example the sensitivity of a length constraint of a catenary to the corresponding horizontal reaction force. The calculations are carried out according to the following procedure:
1. Evaluate catenary solution at design point: z H = z(x, y, H, s 1 , s 2 , Mat) 2. Perturb H and evaluate again: z H+∆H = z(x, y, H + ∆H, s 1 , s 2 , Mat) 3. Calculate lengths c.f. Eq. (4): L H , L H+∆H 4. Evaluate finite difference approximation:
The same principle can be applied for the sensitivities of the length constraint to the slope design variables.
Numerical Example
As a proof of concept, an example with a flat sheared mold, i.e. a generic parallelogram, and a grid of 4 × 2 grippers is presented. In place of the gripper trajectory optimization, the movement of each gripper will be controlled by a linear interpolation from the initial position to the target point on the mold. The target points correspond to the positions of the grippers in an ideal draped configuration. Initially, the grippers start in a rectangular grid with a spacing of 98 mm. The length of the gripper unit cell is set to 100 mm, and therefore the model will predict some slack. From here, the grippers are moved to their target points on the mold in 30 iterations of which three are presented in Fig. 6 . Model input data are listed in Table 1 . In Fig. 6 the catenaries are shown as red lines. For visualization purposes, a surface is interpolated inside the unit cells and colorized based on the z coordinate. The grippers are also visualized as black circles. Notice, however, that they do not enter into the model itself but are created based on the catenary slopes. In each iteration, the grippers are moved and the state of contact is evaluated. Iteration 1 is the initial configuration. In iteration 26, the ply is shearing and has just made initial contact with the mold. The current contact points are indicated with red circles. Because of the sag, the ply makes contact with the mold before the grippers have reached the x and y coordinates of the mold target points. As a result, wrinkles are formed and remain in the draped configuration, i.e. iteration 30, due to the infinite friction assumption. Notice that the model does not give a physical representation of the wrinkles as the two diagonals in a unit cell are no longer coincident. This behavior can be attributed to the fact that the diagonals and the contact formulation are decoupled. For the present purpose, however, a good visual representation of the wrinkles is not needed. In fact, it suffices with an indication of whether the ply is wrinkling or not because the goal is a draping sequence without wrinkles. Consequently, a wrinkling criterion could be implemented at a later stage.
It is worth noting that the model does predict a realistic displacement field throughout the iterations. In terms of speed, the typical model evaluation time is 0.2 -0.3 s on a standard PC. 
Conclusion
A computationally efficient model of a deformable piece of fabric has been developed. It is intended to be used with a robot system for automatic draping of fiber plies. The large deflection model consists of a system of catenaries suspended between the grippers of the robot tool. The model can estimate the 3D displacement field of the fabric and includes the bending stiffness of the ply, which is important for the shapes and sizes of wrinkles. The model decouples the shearing behavior from the fiber axial behavior. This decoupling enables the model to account for large ply shear which is necessary when draping fabric onto double curved surfaces. Also, a simple contact formulation is implemented such that the mold-ply contact can be captured. Contact is established when a segment of a catenary is within a given tolerance of the mold surface. The model is solved using a nonlinear constrained optimization scheme which minimizes the reaction forces and constrains the lengths of the catenaries to their prescribed values. The design variables are the reaction forces and slopes shared between catenaries. Analytical gradients of the objective function and semi-analytical gradients of the constraints are provided for increased speed.
The numerical example showed the ability of the fabric model to capture both sagging and shearing of the ply as well as the mold-ply contact. Although no trajectory optimization was employed, the example highlighted the difficulties with feasible draping sequences. Because the ply made contact with the mold at inconvenient locations, the model indicated wrinkles in the draped configuration. This phenomenon is exactly the motivation for employing optimization for determining the gripper trajectories.
Future Work
The gripper trajectory optimization problem must be formulated and implemented in the program along with the model. The approach is to divide the gripper movement into steps, where in each step an optimization problem is solved with move limits imposed on the grippers. Before mold contact, the objective is -in addition to minimizing the mold-ply distance -to position the ply such that it will match the prescribed boundary at the end of the placement process. After mold contact, the objective is to minimize the difference between the slopes of the ply and the mold at the contact point. In this manner, the ply will be rolled onto the mold such that wrinkling and bridging will be mitigated. Ultimately, the generated gripper movements are used in the FE model and compared to experimental results
